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Abstract 

By the method of discrete transformation equations of 3-th wave hi- 
erarchy are constructed. The main difference compare with the systems 
connected with Ai algebra consists in the fact that in A2 case there are 
two different systems of equations of the same degree (the maximal deriva- 
tives with respect to space coordinate). In the present paper we construct 
only system of equations of this hierarhy of first and second degree. At 
this moment we don't know the general method (the type of canonical 
Hamiltonian operators) and our calculations are sufficiently combersome. 

1 Introduction 

The goal of the present paper is in construction the equations of 3-wave hierarchy 
in explicit form. All system equations of this hierarchy are invariant with respect 
two mutually commutative discrete transformation of 3-wave problem [2] . In this 
introduction present the solution of the same problem in the case A\ algebra 
follow to the paper [1] . 

We repeat here briefly the most important punkts from [1] . 

The discrete invertible substitution (mapping) defined as 

ii = T(u,u',...,u r ) = T(u) (1) 

u is s dimensional vector function; u r its derivatives of corresponding order with 
respect to "space" coordinates. 

The property of invertibility means that (1) can be resolved and "old" func- 
tion u may expressed in terms of new one {tand its derivativies. 

Frechet derivative T'(u) of (1) is s x s matrix operator defined as 

T'(u) =T U +T U ,D + T U „D 2 + ... (2) 

where D m is operator of m-times differentiation with respect to space coordi- 
nates. 
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Let us consider equation 

F n (T(u)) = T'(u)F n (u) (3) 

where F n (u) is s-component unknown vector function, each component of which 
depend on u and its derivatives not more than n order. It is not difficult to 
understand that evolution type equation 

u t = F n (u) 

is invariant with respect substitution (I). 

Two other equations and its solutions are important in what follows 

T\u)J{u)(T\u)f = J(T(u)), T'{u)H{u){T'{u))- 1 = H(T(u)) (4) 

where (T'(u)) T = - DT? + D 2 T^,D 2 + ... and J{u),H(u) are unknown s x s 
matrix operators, the matrix elements of which are polinomial of some finit 
order with respect to operator of differentiation (of its positive and negative 
degrees). 

J T {u) = —J(u) may be connected with the Poisson structure and equation 
(4) means its invariance with respect to discrete transformation T. 

The second equation (4) determine operator H(u), which after application 
to arbitrary solution of (3) F(u) leads to new solution of the same system 

F(u) = H{u)F{u) 

And thus we obtain reccurent procedure to constuct solutions of (3) from few 
simple ones. 

If it is possible to find two different Ji , J 2 (Hamiltonian operators) then 

H{u) = J2J1 1 

satisfy first equation (4). 

In [1] are presented arguments that Hamiltonian operator it is the sence find 
in a form 

J(u) = F^D^F^uf + (5) 

i 

where F n some solution of (3) and some s x s matrices constructed from u 
and its dcrivatves. 

But as was noted above in the case of A2 we were not able to find two 
corresponding Hamiltonian operators and thus results of this paper necessary 
consider as primilinary ones. 
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2 Equations and discrete transformations of 3 
wave problem 

Algebra A 2 has the following Cartan matrix and basic commutation relations 
between two generators of the simple roots X^ 2 and its Cartan elements hi t 2 

(2 -1 \ ([h u Xf] = ±2A± [h u X±] = TXt \ 
[-1 2 J ' ^ [h 2 ,Xf] = T Xf [h 2 ,x£} = ±2Xf ) 

Arbitrary element of the algebra may be represented as (up to Cartan element) 

/ = fl.l^-a 1 +a 2 + /oi 2-^02 + fl.9^ai + /l.O^ai + fo.l^a 2 + /l.l^«i+a 2 

ai t 2 are the indexes of simple roots. A+ i+ct2 = [A^, A^]. 

In these notations the system of equations of 3 wave problem looks as 



^i.o/i+o = 


/i^i/o.i' 


^1,0/1.0 


- f 1.1 f 0.1 




Am/o + i = 


/i^i/i.O' 


A),l./o7l 


= /l.l/uD 


(6) 


= - 


fit. if 1.0' 


Dl,lfl.l 


= ~ fo.ifi.o 





where operatores of differentaion are the following ones D^o = T Jj+TSx'-^ ' 1 = 
f| + ^^,-Di,i = £>i,o + A>,i,<5 = (M2 - c 2 di), i,a; two independent argu- 
ments of 3-wave problem, c, independent parameters. The discrete transfor- 
mation of this system are the following ones [2] , in what reader can verified by 
direct not combersom calculation. 

2.0.1 T 3 

The system (6) is invariant with respect to the following transformation T3 

f+ — f+ — _Z<M. f+ — Jl ° 

Jl.l— p — ' Jl.O~ r- ' ■'0.1 " 



f— > •> LAI f— 1 U.l f — 

Jl.l Jl.l Jl.l 

fo.i T f- _ t- n fu 

7^' /i.o — ./1. i u o.i — 

Jl.l Jl.l 



T 3 ^ j- T 3 ^ f- 

fo.i= -fi.i D i,o-fir, fi.o= fi.i D o.i-7±- (7) 



T 3 - 

fi.ifr.i-Di,oD OA lnf^ 



f 1.1 _ 



ATi 

wWp n- ■ — (i£l±2£j) 9 , (irfi+jjgj 
wneie i/jj — 5 9t -1- s dx . 
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2.0.2 T 2 



The system (6) is invariant with respect to the following transformation T 2 



f+ — f- — ^1-1 f+ — J 1-0 

J0.1— T=~> -u.o~ 7^' Ji.i - T^ - 
J0.1 J0.1 JO.l 



T 2 ^ f+ 

f+ — —f- n Jl ° 

Jl.O— Jo.l LJ l,l~p~^; 

JO.l 

■fo.i _ f+ 



T 2 -> _ f- 

fi.i= -fo.i D ifi-f-±- 
J0.1 



(8) 



fo.i 



= /o 1/0.1 + ^1,0-Di.i ln/ .! 



2.0.3 Ti 

The system (6) is invariant with respect to the following transformation Ti 

Ti-> 1 Ti-> j— Ti-> f+ 

f+ — 1 f- _ ■' 1-1 f+ _ _ JOl 

Jl.O~ j- ' -'O.l - f - J -U.l~ f - 

Jl.O /l.O ./1.0 



Ti-> f + 

f+ — f~ n ±M 
./o.i - /1. o-^M f - ■ 

J1.0 



Tl - - fii 
fi.i= fi.o D o,i-f±- 

J1.0 



(9) 



7 La = /i+oA:o + ^oaPi,iln/ 1 :o) 

Jl.O 



2.0.4 General properties of discrete transformations 

Three above transformations are invertable. This means / may be expressed 
algebraicaly in terms of /. Exept of this T 3 = TiT 2 = T<fT\, what means that all 
discrete transformation are mutually commutative. This in its turn means that 
arbitrary discrete transformation may be represented in a form T = T^T^ 2 
[2]. Thus from each given initial solution Wo = (f^ , f^ , /f^) of the system 
(6) it is possible to obtain a chain of solutions labelled by two natural numbers 
(rii,n 2 ) the number of applications of the discrete transformations (T 1 , T 2 ) to 
it. 

The chain of equations which occur with respect to the functions (fi , fi , fix) 
correspondingly in the case T\,T 2 , T 3 discrete transformation are definitely two- 
dimensional Toda lattices. Its general solution in the case of two fixed ends are 
well-known [6]. This fact as it was shown in [2], [4], [5]. allow to construct the 
many soliton solutions of the 3- wave problem in most straightforward way. 
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3 Extraction of the evolution (time) parameter 

In system (6) and formulae of discrete transformations Tj the time and space 
coordinates are not identified. Keeping in mind that it is always possible to 
add to the right hand side of (6) the term proportioanal to space derivative, 
conserving the initial symmetry we devide the time and space coordinates by 
the condition 

Di, f = ft + fx, D 0>1 f = f t -f x , Di,i/ = 2/ t 
and rewrite (6) in equivalent form 

fl.O = — (fi.o)' + tilfo.l' fl.O = — (/i.o)' + f 1.1 f 0.1 
tii = (tii)' + tiifi.o, ti.i = (tii)' + fi.itio (10) 
fi.i = ~2tiiti.O' fi.i = — 2^0.1/1.0 

where / = f t ,f = f x . 

The same it is necessary to do in explicit formulae of discrete transforma- 
tion (see previous section). For example below we present corresponding ex- 
pression for T2 discrete transformation (explicit formulae for Tacase see in Ap- 
pcndixl) . In what follows we always use the following order of vector functions 

[fl.li fl.Oi til' fo.i' fl.O' fi.i) 

lti= ftofi.o= Vt.iti.i 2(l^f 2 ^^((ln/+ )' + (In/oTO'). 

J0.1 J0.1 J0.1 

/£= 7^" . tiltii= tiitii + 2/i + i/iTi - tioti.o + 4(ln /oTx)" + 4( )'- 
/0.1 J0.1 

2(^0)2 _2^o (ln/i+o y + (ln/ - i)0; T £=-lLl, ( ll) 
■h.i J0.1 -h.i 

kAi= \ti.0K.0 + i 1 ^? + £^(0n tiJ + (ln^)') - (^0^)' 
z Jo.i J0.1 J0.1 

The same procedure it is necessary applicate to the equations of T\ , T 3 trans- 
formation from the previous section(see Appendix II). 



4 Equations defining the 3-th waves hierarchy 

To obtain these equations it is necessary to differctiate each equations of substi- 
tution on some parameter p and indroduce coresponding notation (ti) p = 
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and consider F as function nof / and its space derivatives. Let us rewrite equa- 
tion (3) in the case of the transformation (11). For instance three equations of 
(11) without derivatives look as 



i p+ f+ T2— » p — f — 

1 p- p+ _ f 1.0 _ Jl.O p- p- _ f l.l 1 J 1.1 p- 

"ff-12 ,- \2 0.1> r 1.0" f - / y \2 

UO.lJ -/0.1 UO.lJ -/0.1 UO.lJ 



(12) 

All other (3) equations will be presented below after some necessary comments. 

First of all let us notice that right hand side of (10) is solution of (3) of degree 
one. But there is other obvious solution of the same degree. Namely F\ — f. 
After some not combersome calculations it is possible verified that the zero de- 
gree solution is the following one F = ((c+6)/-^, bf£ Q , c/q^, —cf a ~ 1 , —bf{~_ , — (c+ 
b)fi.i, where c, b arbitrary numerical parameters. The most simple way to con- 
vince in this is to write down corresponding system of equations and check its 
invariance with respect T, discrete transformations. Thus in the zero degree 
case we have also two independent solutions, which it will be usefull classify as 
symmetrical c = b or antisymmetrical one c = — b. 

Let us seek solution in the form (compare with the case of A\ algebra [1]) 

^1 -* ±fti F tn F to ~> ± fto F to' F £i ~> i/ai-^ai ( 13 ) 

Keeping in mind the last substitution we rewrite (12) in form (conserving the 
same notations for unknown functions) 

^ai = - F bTi) ^i + i= ^i + o + ^o.i' ^i7o= -^iTi _ ^oTi ( 14 ) 

The same equations in the case of 7\ and T 3 substitution look correspondingly 

as 

TW Ti-> Ti-> 

^lo = F i.o> F ^.i = F (hi ^ F i.m F a.i~ F i.i — -^i.o 0^>) 

F l~.l = ^lTl) _ ^l + 0= ^0.1 _ ^lTli F 0.1= ~ F 1.0 + F l.l ( 16 ) 

Now we would like to explain how looks other three equations follows from 
(11). They contain 3 different basical terms /+ fr /l l / 1+0 , (In /+,)' + (In f^J. 

J0.1 

Differentiation these terms with respect to independent parameter p and taking 
into acount (18) leads tothe following terms in corresponding equation 

ftjfi.j - fi,jfi.j( F i.j ~ ( ln /i + o)' + (In/oTi)' - (^i + o)' - (^oTi)'. 

■fi.i ft. a _^ fi.ifi.o j p- , p+ 1 p- \ 

—p * —p — \-*i.i + *i.o + ^o.iJ- 

J0.1 Jo.i 

The explicit form of these equations will be presented below. 



6 



5 Equations of the first degree 

In spite of fact that these equations were described above we would like to 
demonstrate on this example the ideas and technique of calculations. Let us 
seek solution of this problem in a form 

m 'r+ _ + Tl.l/uj/qi m ;+ = v i.o{fi.u)' + 7i.o/q.i/i + i 

«/ 1 . 1 p-\- ' J 1 . p-\- 

h.i Ii.o 

ln f + = "oA.fo.iy +1Q.1 fr.of i.i ln r = ^(/oTi/ +7o.i/i + o/fi 

•/ 0. 1 /»-(- ' •'0.1 /" — 

/o.i Jo.i 

(17) 

ln - f - = "i.oifi.o)' + H.ofo.iifi.i ln f - = ^i-iC/iT^' + Ti.i/iTo/oTi 

•'1.0 — ' •'1.1 p — 

/l.O J 1.1 

The system (20) is written under additional condition that equation for f~ 
components may be obtained from /+ by corresponding discrete transformation. 
For instance after T$ (explicit formulae in Appendix II) discrete transformation 
first equation of (17) looks as 

In^-^-i = Ul1 ((ATi ) -1 ) 7 - Ti-i/fo/oTiOTi) -2 



(ATi)" 1 

This is exactly last equation from (17). Each equation (14), (16) leads to follow- 
ing limitation on parameters v, 7 (it is necessary not forget that F + coincides 
with the right hand side of (17 and F~ is opposite by sighn to it) 

^01-^10 = 2710, ^01 + ^10 = 2^11, -2711=710=701 (18) 

We will not check here that all other equations are satisfied but show what choice 
of parameters leads to yet known solutions of the first degree. In connection with 
(18) solution of the first degree depends on two arbitrary parameters foi,fio- 
Really it depends only on one parameter j^ 1 because common factor may be 
included into time variable. Let us choose at first + fw = 0, z/ i = 1, ^10 = 
— 1, = 0, 710 = 701 = 1, 7n = — \- This is exactly the case of (10). The choise 
^01 = ^10 = fn = 1) 710 = 701 = 711 = leads to trivial solution / = /'. Under 
conditions (18) system (17) is Hamiltonian with Haniiltonian 

# = M#i(/i:i)'-(tfi)7^^ 

27n(/i + i/iTo/oTi - fo.ifi.ofi.i) 
with non zero Poisson breakets 

{/i + i,/fi} = ^ {/i + o,/i: } = l ! {/o + i,/oTi} = l (19) 
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6 Equations of the second order 

We will try to find system equations of the second order invariant with respect 
three discrete transformations Tj in a form 

ln f+ viMti)" + 7i.i/i + (/o + i) / + fr.i/o + i(/i + o y , R 

m /i.i = 7+ r ^H' 

Jl.l 

where a = (b + c),Rij = (2a y / 1 + 1 / 1 ; 1 + hjf^f^ + c^j+J^). 

m /l.O = 7+ r -ftio 

Jl.O 



ln >+ ^o.i(./o + ir + 7o.i/i: (/i + i)' + w^aro) 7 , R 

m /o.l = 7+ r -n-Ol, 

Jo.i 



(20) 



_m /o.l = 7= -"-01, 

J 0.1 

,- f - ^■o(/i:or + 7i.o/o + i(/i:i) , + ^i.o/i:i(/o + iy , B 

_m /l.O = 7= H W, 

Jl.O 

ln ,- "i-it/iTi)" + 7i.i/i:o(/oTi) / + ^i^LoZ) , r 

_m /l.l — 7= r ^H- 

/l.l 

The system (20) is written under additional condition that equation for f~ 
components coinsides by the form with the corresponding equations for /+ 
components and may be obtained from them by corresponding discrete trans- 
formation. Let us perform first equation (20) by T 3 transformation. Using (7) 
we have 

i^ ! i \ \" i fo.i v fi.o \ X f JQ-l W A.o \i I r? I 

In — =fi.i(— ) - — ) —) ~ o 1 . 1 ( — ){ — ) + Kn + 

h.i h.i Jl.l Ji.i Ji.i Ji.i 

(b 11 -c 11 )(^j^)' + 2a 11 (lnf 1 - A y. 
Ji.i 

In writing of the last expression we have used (27) from Appendix. Comparing 
this expression ( after trivial manipulations) with the last equation from (20) 
we obtain additionaly equalities 

^11= an, 7i.i + <5i.i = (hi - en) 

The same consideration in connection with f^ , f^ A equations from (20) lead to 
the equalities 

v w = 2&io, 7i.o +#i.o = 2(ci - bio), "oi = 2c i, 70.1 + S .i = 2(c i - 601) 
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6.1 Equations without derivatives 

In this subsection wc would like to find to what further limitations on parame- 
ters of the problem under consideration follows from equatios (15)-(16). For a 
example consider third equation (14) 

r i.o ^o.i ' r l.l 

Substituting in this expression all necessary values from (20) and (11) we come 
to the equality 

oh l£i _i_ „, A.i) r iff- V f- t+ 1 A.o(/o.i) i /o.i(/i.i) / 1 

26io — — h 7io [-2(/ ,i) - /i.i/i.o - o 7= 1 F= J - 

(Ilkl J1.1J0.1 z Jl.l Jl.l 

5 10 -L[-2(/ o:i )' - - l - f ^ ? + ^M]' + 2a 10 (ln /-,)"+ 

Jo.i z Jl.l Jl.l 

, jr. fo.i , p gcqic^r + to-i/iV/iTi) 7 + writ/iV 

(oio - cio J — — 1- #io = — 

/i.i /o.i 

P | «i.i(/ 1 + i) ,, +7i.i(/i + o(/o + 1 ) , + ^i.i/ o + i(/i + o)0 , p 
-Koi H 7+ H -Kn 

Jl.l 

After comparision the coefficients under the terms of the same structure we 
come to the following relations between parameters of the problem 

(an = -2cio hi = a w Cu = -3c w - b w \ 
aio = cio + bio b w = b w c w = c w (21) 

aoi = — 3cio - b w boi = c w coi = —ho - 4ci / 

All other parameters may be represented via 2 ones c w , b w as follows 
ho = 4ci , 710 = -2(ci + ho), Z^u = ho - 7io, 

2(5n = -710, 5oi = -<*i0) 701=710-^10 (22) 

Thus all parameters of the system of the second order are expressed lineary 
by two independent ones. Indeed only one parameter is independent because 
common factor may be included into time variable The matrix Hm (21) is sym- 
metrical one and as consequence of this fact the system (20) may be rewritten 
in terms of Hamiltonian formalism. 
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6.2 Conservation laws 

As a direct consequence of (20) and (22)(!) the following conservation laws take 
place 

(2/iViTi + AViTo) = 2an((A + 1 )7ri-A + i(/i:i) , )'+26io((/i + o)7i:o-/i + o(/i:o)') , + 

7io(/ 7iA7oA + i - fo.ifi.ofi.i)' 

(2A + iATi + /oVoTi) = 2an((/ 1 + 1 )7ri-A + i(/ri) , )'+2cdi((/o + i)7 :i-/o + i(/o:i)')'+ 
701 (U.i AToA + i - /o + i A + o ATi)' (23) 

We pay attention of the reader that the condition that the system posses con- 
servation laws lead directly to limitations (22). 

Now we would like to use conservation laws for cheking equation with deriva- 
tives. For this goal let us construct difference between shifted by discrete trans- 
formation Ti and unshifted one of equations of integral of motions (23). Let us 
denote such difference by symbol Aj 

A,. :2./y. ,./,.: + A+oATo)) = 2anA i ((A + i)7fi - A + i(ATi)')'+ 

2&ioA i ((A + )7i:o - A + o(ATo)')' + 7ioA,(/ :iA:oA + i - /oViViTi)' 
In connection with the equations of discrete transformation seeAppendixI AiR 
is the derivative with respect to space variables and thus space derivatives may 
be canseled from both sides of the last equality. For instance in the case of T 3 
discrete transformation the last expression may be rewritten as 

2 (log AD' + = 2anA 3 ((A + i)7i:i-A + i(A:i)')+26ioA3((A + o)7i:o-A + o(A:o)')+ 

Jl.l 

7ioA 3 (/ : 1 A:oA + i - /oViVfi)' (24) 

6.3 Cheking the last equations of discrete substitution 

After differentiation the left hand side equation (24), substituting in it time 
derivatives from (20) and substitung in left hand side A3 from formulae of 
Appendix II, we obtain the following expression to be checked 

2( Q i-i(A.i)" + 7i.iA.o(/o.i) / + ^i.i/oTi(ATo)') y _ 2^ _|_ AT0/0T1 x 
A.i A.i 

p^jj^f + ii.ifrMo.i)' + ^i.i./o.iCAToy) gMA^T + W^CA^y + ^i.oA.i(./o + i) / 
A.i A.o 

2c ,i(/ ~ 1 ) ,/ + 7o.iA + o(ATi) / + fr>-iATi(A + o)' 1 r> t - y , y , 

J0.1 h.i 
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1 (/o.l) /o.l C/l.o) /o.l) (/l.l) i 1 (/o.l) /p.l (/l.o) /p.l) i i j-- \/ ± 

9 7= 7= h 9 7= r-^Jxo/ioT/o.l/o.l^ ' 

z /l.l /l.l z /l.l z 

f/+ f- i t+ f- \(A.l)' , 1 /l.o/o.l (/l.o/o.l) I 97 /l.o/o.l r nifl.o) i (/l.l) , (/l.o)'/o.l 

Ui.o/i.o+/o.i/o.i) _ t: h o — F F hz °io — 7= — l - ^ - F 1 — 7= 1 7= 

/l.l z /l.l /l.l /l.l /l.O /l.l /l.l 

o (/i.o) / (/q.i) / _ (A.i) 7 / (fi.o)' i (fp.lY M i o (/l.l)' j-+ /■- , 
z 7= 7= "7= I - 7= 1 7= "r" z— 7= /o.l/o.l' 

/i.o/o.i /l.l /l.O /o.l /l.l 

rt+Vf- t+(f-\> f- (t+ Yj-(f- Yf+ -L/v /i-o/o-i [ (/i-i)" i /i (A. o)'(/o. i)' 

Uo.iJ /o.i _ /o.il/o.iJ -J1.0I/1.0J +V/1.0J /1. o+7io — — — [—— 1-4 — 

/1.1 /1.1 /1.0/0.1 

(fa.iY _|_ (/1.0) ^ (/1.1) _ 1 (/0.1) /o.i ~ (/1.0) /o.i) j 1 
/0.1 /l.O /1.1 2 /l.l 

2((/i.o) /lo — (/o.i) /ai) "I 7= (/0.1/cu ~ /i.o/lo) 

/l.l 

To the greatest astonishment of the author the last equation satisfies identi- 
caly and gives no further limitations on the parametes of the problem. Thus 
equations (20) together with limitations on parameters (21) and (22) solve the 
problem of construction system equations of the second order invariant with 
respect to discrete transformation of the three wave problem. 



7 Outlook 

From the physical point of the view the system (20) may be interpreted as 
three interuction nonlinear Schrcdinger fields with two arbitrary parameters, 
which it is possible to connect with mass of the particles and constants of their 
interuction. Author have no knoledges about applications of these equations to 
physical problems. 

From mathematical point of view in this paper (and in the previous ones) 
we have gone in the following way from integrable system ad hoc — > discrete 
transformation — ► resolving of them and observation that result is very near to 
group representation theory and may understood (and explained) in terms of the 
last. The most interesting question is it possible to find in group representation 
theory some objects responsible directly for discrete transformation? If such 
objects will be found then all theory of integrable systems will be possible to 
explain as some branch of group representation theory. 

8 Appendix I T 2 case 

Formulae T2 substitution (11) in the text leads to 

/o + i/oTi = /o + i/o:i+ z /i + i/i:i-/i + o/i:o+4(in/ : 1 )"+ 



4(/iTi)7i + o + 2/ 1 - 1 (/ + )' 6(/ : 1 )7i + / 1 Ti + 2(.a: 1 / + ) 2 
/o.i (/o.i) 2 
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2fi.i(fi.o)' _ o (/q.^'/lq/i.i + ifi.ifi.oY 



7+ f- _ 9 f + c- _ ^l.lUl.Qj _ 9 1 

Jl. 0/1.0 — z Jl.lJl.l 7= L ~ ( t~ \2 

J0.1 U0.1J 

?+ f- _ 1 /•+ f- _ ifi.iYfi.o , ^ifo.iY fi.ofi.i + ifi.ifi.o) 2 

Jl. l/l.l ~~ n/l.O/l.O "T" , ,_ NO 

2 /0.1 (/0.1) 

Let us use notation from the main text 

# = c/oVoTi + ViVfo + 2a /i + i/iTi . a = & + c 

Ti-» 

and under i? understand i? after application to it discrete transformation Tj 
then from calculation above we obtain 

T R= R + 2(c- b)(rtf^)> + 4 C (ln/ al )" (25) 
J 0.1 

The similar calculations leads to 

T R= R + 2(c- b)(tij^±Y + 46(In/i: )" (26) 
J1.0 



T R= R+ib- c)(£j%±Y + 2a(ln/ l : l )" 
fi.i 



(27) 



9 Appendix II. T3 case 

f+ _ 1 f + _ Jo.l f + _ J 1.0 

Jl. 1~~ f - 1 Jl.0~ f - 1 J0.1~ p- ' 
Jl.l Jl.l Jl.l 

T f- _ _ j r- \l _ f- f + _ 1 (/o.i) 2 /i.o 1 ifl.lYfo.l 
Jo. 1 — z uo.iJ /l. l/l.O 9 ,- T 

Z Jl.l Jl.l 

^ 3 - _ / f- y , j— j-+ 1 1 (/i.o) 2 /q.i 1 ifl.lY fl.O 

Jl.O— z Ul.oJ + /l.l/O.l + 9 7= 1 7= 

z Jl.l Jl.l 

f T3 7+ — f+ f- in„ f- y 1 1 (/o.i)'/o.i ~ (/i.o)'/o.i) , 1 ( f + f - , f + f - \ , 1 / /1.0J0.1 n2 
Ji. 1/1.1— Ji.iJi.i + l 111 J1.1J +7; 7= t-^/loJi.o+Jo.iJo.iJ+tI 7= I 

z Jl.l z * Jl.l 

ifi.iift.J 3 -ifi.iYft.i) -fi.iift.iY + fi.iYft.i = -WtJi.iY + (%^)'+ 

Jl.l 

1 ifp.iY fi.o ~ ifi.oYfo.i) ifi.iY _|_ i ifo.iY' fi.o — ifi.oY'fo.i) i 

2 /l.l /l.l 2 /l.l 

1 /- j-+ i /•+ /- y i / /+ f- i f+ j— \ (A.i)' , 1 f i.o f o.i (/i.q/q.i)' i 

9UI.O/I.O "T /O.l/O.lJ "T V/l. O/l.O "T /O. l/0. 1/* ,_ "t" g ,_ j.- J 

z Jl.l z /l.l Jl.l 
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(f- ( f+ V 3 Vf+ 1_ f- ( f+ Vj- f~ V f+ — A.o/o.i r 9 (A.o) , (A.i) 

U1.0u1.0J Ui.o) J 1.0) /1.0V/1.0J "r/i.oJ /1.0 — # - L z "I" 

/l.l /l.O /l.l 

(A.o) A.i _|_ o (A.o) (/o.i) _ (A.i) ^ (A.o) _|_ (A.i) -jj 1 



ATi 



A. 0/0.1 



A.i A.o /o.i 



2 - /ai/0.1 + (Ali) /o.i fo.i(fo.i) fi.o(fi.o) + (A.o) Ai) 



ATi 



T 3 ^ 



(/o. 1/1. 0/1.1 /o. 1/1. 0/1.1) /o. 1/1. 0/1.1 + /o. 1/1. 0A.1 

/1 1 /1 1 f(A.i) _|_ 4 (A.o) (/o.i) 



A.i A.i 



A. 0/0.1 



2( 



(/oA)' , (a:o)\(a:i)' i(/oTi)7i: -(/i:o)7o:i)i 



AT: 



A.o / 



1.1 



a: 



2((A.o) /lo (/o.i) /oi) + j-- (/o. 1/0/1 A.o/lo) 

/1.1 
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